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Finite codimension stability of some
time-periodic hyperbolic equations
(via compact resolvents)
Michael Reiterer
Abstract: We identify a class of time-periodic linear symmetric hyperbolic
equations that are finite codimension stable, because an associated operator
has compact resolvent, sufficiently far to the right in the complex plane. This
paper is an attempt to capture abstractly the observation in numerical gen-
eral relativity that some discretely self-similar spacetimes, such as Choptuik’s
critical spacetime, are finite codimension stable.
Contents
1 Introduction ........................................................... 1
2 Examples and counterexamples ................................ 6
3 Abstract assumptions .............................................. 8
4 Main technical theorems, compact resolvent .............. 10
5 Lemmas and proofs ................................................. 11
6 Finite codimension stability ..................................... 19
7 Remarks ................................................................ 25
A Non-compactness seminorm ..................................... 26
1 Introduction
Motivation
This paper is motivated by a question in general relativity: How does
one explain the numerical observation that some discretely self-similar space-
times, such as Choptuik’s, are stable with small finite codimension [1], [2]?
One might hope for an explanation that is abstract, and neither requires
general relativity nor depends on details of spacetimes.
It is plausible that many aspects of stability are already present at the
linearized level, and this paper is about linear equations only.
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We identify simple abstract assumptions for a time-periodic linear sym-
metric hyperbolic equation that imply that it is finite codimension stable,
roughly: if in the space of solutions one mods out the decaying solutions,
only finitely many independent growing solutions are left. This is due to an
effect at high frequencies, whereas to actually determine the codimension,
one would need a more detailed understanding of low frequencies1,2.
This introduction is informal; the logical development starts in Section 3.
We are on an infinite solid cylinder, R× (closed n-dim ball). It is useful to
have two different but diffeomorphic pictures of this cylinder:
F
scaling-pic translation-pic
the boundary
F
In both, time increases upwards; space is horizontal; horizontal cross-sections
are closed n-dim balls. Here F /∈ cylinder is the future limit point. Let T be
a fixed self-diffeomorphism of the cylinder, equivalently given:
• In the scaling-pic, by a scaling about and towards F .
• In the translation-pic, by a translation upwards.
Consider a linear symmetric hyperbolic operator D̂ on the cylinder. That
is, anN×N matrix whose entries are first order differential operators, subject
to a standard condition on its principal part. We assume:
• T-periodicity: D̂ commutes with composition by T, that is, for all
functions û : cylinder→ CN one has (D̂û) ◦T = D̂(û ◦T).
• Causal independence: D̂ allows information to flow out through the
boundary, but no information to flow in, as time increases.
1Our abstract assumptions are consistent with all finite values of the codimension.
2Better understanding low frequencies will often be an effectively finite-dimensional
problem, amenable to (say) rigorous computer-assisted study. Whether there is a more
conceptual, abstract approach to low frequencies is an interesting question.
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This operator D̂ could arise in general relativity from linearizing the Einstein
equations about a spacetime for whichT is a constant rescaling of the metric3,
aka a discretely self-similar spacetime, or it could arise somewhere else.
For every nice function f̂ : cylinder→ CN with compact support in time,
let D̂−1ret f̂ : cylinder → C
N be the unique solution to
D̂(D̂−1ret f̂) = f̂
that vanishes in the past, aka the retarded solution. Boundary conditions
must not be given, by causal independence forward in time.
inhomogeneity f̂
F F
retarded sol D̂−1ret f̂
A very simple scenario is finite codimension stability : That is, when there
exist finitely many functions û1, . . . , ûJ : cylinder → C
N in the kernel of D̂,
and complex valued linear functionals ℓ1, . . . , ℓJ such that, for all nice f̂ ,
D̂−1ret f̂ − û1 ℓ1(f̂) − . . . − ûJ ℓJ(f̂)
decays towards the future limit point F . In this paper we identify simple
abstract assumptions on D̂, on top of the ones already stated, that imply
finite codimension stability.
With a hyperbolic equation, any non-smoothness in f̂ can persist in the
retarded solution, which can easily spoil finite codimension stability. To avoid
this, we put ourselves in function spaces of ∞-differentiable functions4.
T-periodicity is the only symmetry assumption5.
3Beware that the linearized Einstein equations are not symmetric hyperbolic out of the
box. Rather, the space of solutions to say the linearized vacuum Einstein equations, about
a background solution, is the first cohomology of a differential graded Lie algebra [4]. The
equations can be made symmetric hyperbolic through gauge-fixing.
4These spaces are consistent with nontrivial functions having compact support. As for
dropping ∞-differentiability, consider Counterexample 2.3 and see Remark 7.4.
5In particular, spherical symmetry is not assumed. Note that Choptuik’s critical space-
time, a discretely self-similar 1+3 dim solution to Einstein’s equations coupled to a mass-
less scalar field, is spherically symmetric. An analogous solution to the vacuum Einstein
equations, if such exists, cannot be spherically symmetric.
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This paper leaves open whether its results can be applied to the linearized
Einstein equations about Choptuik’s critical spacetime. One could start from
the proof of existence of this spacetime in [3]. Incidentally, even though [3]
is not about stability, the proof of existence there has some technical overlap
with this paper, see Example 2.1.
Intuition
Let û be a high frequency solution to the homogeneous equation D̂û = 0,
and pretend that the solution’s wavelength does not change much under
propagation, as measured in the scaling-pic. The same solution looks rather
different in the translation-pic, where its wavelength increases:
F
scaling-pic translation-pic
There is a more invariant, picture-independent way of saying this: Pick
a horizontal cross-section B, a ball, take snapshots of the solution on Tp(B)
for p ∈ N0, and pull them back to B. These pullbacks û|Tp(B) ◦ T
p are a
sequence of functions B → CN with increasing wavelengths.
Clearly not all symmetric hyperbolic operators behave like this. We im-
pose a simple condition on the principal part of D̂ that gives such a regular-
izing effect at high frequencies; this is the assumption later called (iii).
Outline
We use coordinates in which the cylinder is given by
Ω̂ =
{
(x0, . . . , xn) ∈ R1+n
∣∣ (x1)2 + . . .+ (xn)2 ≤ 1}
= R × (closed unit ball in Rn)
and in which the self-diffeomorphism is given by
T : (x0, x1, . . . , xn) 7→ (x0 + 2π, x1, . . . , xn)
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Many calculations in this paper are carried out on the compact quotient
Ω = Ω̂
/
T
= (R/2πZ) × (closed unit ball in Rn)
There are four abstract assumptions on the operator D̂. For the purpose
of this introduction, we state them informally:
(i) T-periodicity and linear symmetric hyperbolicity, with x0 as time.
(ii) Causal independence, forward in time.
(iii) Condition on the principal part, significant at high frequencies.
(iv) Regularity condition on the operator itself.
The main goal is to construct the right-inverse D̂−1ret, aka the retarded
Green’s function, and to show finite codimension stability. By our earlier
definition, we must show the existence of a finite-rank6 operator F such that
D̂ ◦ F = 0 and such that all elements in the image of
D̂−1ret − F
decay as x0 → +∞. Finite codimension stability is Theorem 6.1.
Theorem 6.1 is proved by a contour integration argument. This is based
on a Fourier-like transform, used to write the retarded Green’s function as a
contour integral in terms of the resolvent of
D = D̂
∣∣
T-periodic functions
where the vertical line means ‘restricted to’. The two operators D̂ and D are
obviously equivalent, but it is always understood that:
D̂ maps functions Ω̂→ CN to functions Ω̂→ CN
D maps functions Ω→ CN to functions Ω→ CN
Studying the resolvent of D is the main technical task. This resolvent
(D+ z1)−1 requires function spaces to make sense, and may not exist for all
6Suppose V, V ′ are vector spaces. A linear operator V → V ′ is finite-rank iff it is the
composition of a linear map V → CJ with a linear map CJ → V ′, for some integer J .
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z ∈ C. We study the resolvent on suitable Banach spaces of∞-differentiable
functions Ω→ CN and show that for Re z bigger than some constant z∗ ∈ R,
the resolvent exists and is compact7. By compactness at even just one point,
the resolvent extends meromorphically to C, and the spectral projection
associated to each pole is finite-rank, that is, multiplicities are finite.
The resolvent is periodic under z ∼ z+i up to conjugation8. In particular,
z is a pole if and only if z + i is a pole. A fundamental domain such as
{z ∈ C | 0 ≤ Im z < 1} decomposes into three pieces:
Re z = z∗Re z = 0
countably many poles
i
finitely many poles
(growing modes)
no poles
(decaying modes)
For every c ∈ R, only finitely many poles have Re z ≥ c and 0 ≤ Im z < 1.
Therefore only finitely many have Re z ≥ 0 and 0 ≤ Im z < 1; their spectral
projections yield an explicit formula for the finite-rank operator F.
One can think of individual poles as decaying or growing modes, but
since the spectral theorem for self-adjoint operators on Hilbert spaces does
not apply here, we keep away from eigendecompositions.
2 Examples and counterexamples
Before stating our abstract assumptions onD, we discuss examples. They
are invariant under arbitrary translations in x0, hence trivially T-periodic.
Let ∂0, . . . , ∂n be the partial derivatives, ∂ix
j = δji .
Example 2.1. In n = 1 and N = 1 consider
D = ∂0 + µ(x
1 − x1∗)∂1
with µ > 0 and −1 ≤ x1∗ ≤ 1. It satisfies all abstract assumptions. Such
operators are used in [3], where the inverse of ∂0+µ(x
1+1)∂1+µ is calculated
7Suppose V, V ′ are Banach spaces. A linear map V → V ′ is compact iff every bounded
sequence in V is mapped to a sequence in V ′ that contains a Cauchy subsequence.
8Just like the wave vector of a ‘Bloch wave’ on a lattice is defined only modulo the
reciprocal lattice. Here the lattice is x0 ∼ x0 + 2π, the reciprocal lattice is z ∼ z + i.
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explicitly, on some space of real analytic functions on Ω = (R/2πZ)× [−1, 1],
using Fourier-Chebyshev series. This inverse has regularizing features at high
frequencies, used in [3] to reduce the proof of existence of Choptuik’s space-
time to a finite, if very large, computer calculation for the low frequencies.
The regularizing features of this inverse are similar to the estimates on the
resolvent of D obtained in this paper, in a more general setting.
Example 2.2. In n = 3 and N = 2 consider
D =
(
∂0 + µ∂3 µ∂1 + iµ∂2
µ∂1 − iµ∂2 ∂0 − µ∂3
)
+
(
µ 0
0 µ
)
(x1∂1 + x
2∂2 + x
3∂3)
with µ > 0. It satisfies all abstract assumptions.
In Examples 2.1 and 2.2, consider the eigenvalue problem ker(D+z1) 6= 0
with z ∈ C. The point is that every eigenfunction u : Ω → CN , or rather
its lift û : Ω̂→ CN , yields a homogeneous solution, D̂(ezx
0
û) = 0. There are
real analytic eigenfunctions of the form
eiqx
0
P (x1, . . . , xn)
where q ∈ Z, where P is an N -component polynomial of total degree p ∈ N0,
and the eigenvalue is z = −iq − µp. In P one can freely choose all terms of
homogeneous degree p, and then all terms of degree less than p are recursively
determined. The set iZ− µN0 of such eigenvalues is discrete, a half-lattice,
periodic under z ∼ z + i, and has real parts bounded from above.
Counterexample 2.3 (eigenfunctions not∞-differentiable). The operator
in Example 2.1 has other eigenfunctions such as max{0, x1−x1∗}
s for all s ∈ C
with say Re s > 1 and eigenvalue z = −µs. The set of such eigenvalues is
not discrete9. In this paper we avoid such eigenvalues by putting ourselves
in suitable Banach spaces of ∞-differentiable functions.
Counterexample 2.4 (no causal independence). Take Example 2.1 with
x1∗ < −1. It satisfies all abstract assumptions except (ii). Since x
1 − x1∗ > 0
everywhere on Ω = (R/2πZ)× [−1, 1], there are real analytic eigenfunctions
(x1 − x1∗)
s for all s ∈ C, with z = −µs.
Counterexample 2.5 (no high frequency effect). Consider D = ∂0. It sat-
isfies all abstract assumptions except (iii). It features infinite multiplicities
even for real analytic eigenfunctions.
9Such eigenvalues can end up in the right half-plane, say for operators of the form
D = ∂0 + µx
1∂1 + const, with µ > 0, which also satisfy the abstract assumptions.
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3 Abstract assumptions
Let n ≥ 1 be an integer. Our working domain and its boundary are:
Ω =
{
(x0, x1, . . . , xn) ∈ (R/2πZ)×Rn
∣∣ (x1)2 + . . .+ (xn)2 ≤ 1}
∂Ω =
{
(x0, x1, . . . , xn) ∈ (R/2πZ)×Rn
∣∣ (x1)2 + . . .+ (xn)2 = 1}
Here x0 ∼ x0 + 2π. The partial derivatives ∂0, ∂1, . . . , ∂n satisfy ∂ix
j = δji .
Along ∂Ω, the outward unit normal is (ω0, ω1, . . . , ωn) = (0, x
1, . . . , xn).
Given and fixed is a differential operator10,11
D = Ai∂i +B
subject to four abstract assumptions:
(i) A0, . . . , An, B are N × N matrices whose entries are ∞-differentiable
functions Ω → C. The matrices A0, . . . , An are Hermitian and A0 is
positive definite († is the conjugate transpose):
(Ai)† = Ai
A0 > 0
(ii) Aiωi is positive semidefinite, A
iωi ≥ 0, along the boundary ∂Ω.
(iii) Set
Aij = 1
2
(∂iA
j + ∂jA
i)
There is a constant ξ > 0 and there are N × N matrices Ξ0, . . . ,Ξn
whose entries are ∞-differentiable functions Ω→ C such that
w†i
(
ξAij + 1
2
AiΞj + 1
2
(Ξi)†Aj
)
wj ≥ δ
ijw†iwj
for all w0, . . . , wn ∈ C
N and everywhere on Ω.
(iv) There is a sequence of constants q0, q1, q2, . . . ≥ 0 with q0 = 1 and
qk+ℓ ≤ qkqℓ
for all k, ℓ ∈ N0, and there is a constant Q > 0 such that
∞∑
k=K+1
(k + 1)n/2
qk−1|A|k
k!
≤ QqK
∞∑
k=K
(k + 1)n/2
qk|B + zA
0|k
k!
≤ QqK(1 + |z|)
for K = 0, 1 (two values only) and for all z ∈ C.
10As usual, Ai∂i = A
0∂0 + . . .+A
n∂n.
11For simplicity, in Sections 1 and 2 we used 1 in places where we use A0 from now on.
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In (iv) we use the following supremum norms of derivatives of order k ∈ N0:
|A|k = sup
Ω
sup
wαi∈CN
not all zero
∣∣∣∑|α|=k∑ni=0 k!α!(∂αAi)wαi∣∣∣
C
N(∑
|α|=k
∑n
i=0
k!
α!
|wαi|
2
C
N
)1/2
|B + zA0|k = sup
Ω
sup
wα∈CN
not all zero
∣∣∣∑|α|=k k!α!(∂α(B + zA0))wα∣∣∣
C
N(∑
|α|=k
k!
α!
|wα|
2
C
N
)1/2
Throughout this paper, α ∈ N1+n0 is a multi-index, with |α| = α0 + . . .+ αn,
α! = α0! · · ·αn!, ∂
α = (∂0)
α0 · · · (∂n)
αn . Also, |w|
C
N = (w†w)1/2 if w ∈ CN .
Along with D itself, we consider ξ,Ξi, Q, qℓ to be part of the data. That
is, they are parameters of the theorems in this paper.
• Some theorems require qℓ > 0 for all ℓ.
• Some theorems impose a smallness condition on q1. It is easy to satisfy
both this smallness condition and (iv) simultaneously, because of the
following fact: If (iv) holds for a sequence (qℓ) then it continues to hold
for the sequence (κℓqℓ) for all 0 < κ ≤ 1, with the same Q.
Informal discussion. Assumption (i) makes D symmetric hyperbolic, in
the sense of K.O. Friedrichs. Here A0 > 0 holds uniformly, since Ω is compact.
Assumption (ii) is causal independence forward in time. Assumption (iii)
is a positivity condition for the ‘deformation tensor’ Aij ; the naive condition
with Ξ0 = . . . = Ξn = 0 is too strong, in fact inconsistent with (i)12.
Assumption (iv) are bounds for Ai and B. Two extreme cases are:
• q0 = 1 and q1 ≥ 0 but q2 = q3 = . . . = 0.
• qℓ = (q1)
ℓ for some q1 > 0.
In the last case, Ai and B are real analytic. The last case is extreme because
(iv) requires qℓ ≤ (q1)
ℓ. Intermediate cases include sequences with qℓ > 0 for
all ℓ that go to zero super-exponentially as ℓ→∞.
12Fix a nonzero w ∈ CN and then set W =
∫ 2π
0 dx
0 w†A00w, the integral taken along
say x1 = . . . = xn = 0. Assumption (iii) with Ξ0 = . . . = Ξn = 0 would imply W > 0,
whereas A00 = ∂0A
0 and periodicity x0 ∼ x0 + 2π in (i) imply W = 0.
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4 Main technical theorems, compact resolvent
For all u, v : Ω → CN let 〈u, v〉 =
∫
Ω
u†v be the standard inner product,
and let ‖u‖ = 〈u, u〉1/2. Define the Sobolev seminorm of order ℓ ∈ N0 by
‖u‖ℓ =
(∑
|α|=ℓ
ℓ!
α!
‖∂αu‖2
)1/2
We use the following function spaces13,14:
• C∞ = {u : Ω→ CN | u is ∞-differentiable}.
• Hh = {u : Ω→ C
N | |||u|||h <∞} for all h ∈ N0, with norm
|||u|||h =
∞∑
ℓ=0
qℓ‖u‖ℓ
(ℓ+ h)!
The Banach space Hh depends implicitly on the sequence (qℓ) in (iv).
We assume (i), (ii), (iii), (iv). The theorems below refer to two constants15:
• A constant z∗ ∈ R that depends only on D.
• A constant q1∗ > 0 that depends only on D, ξ,Ξ
i, Q.
For each z ∈ C define16
Dz = D+ zA
0
Theorem 4.1. If Re z ≥ z∗, then Dz : C
∞ → C∞ is bijective.
Theorem 4.2. If Re z ≥ z∗ and q1 ≤ q1∗, then
D−1z (C
∞ ∩H1) ⊆ C
∞ ∩H0
and it extends uniquely to a bounded linear map D−1z : H1 →H0.
13By definition, a function Ω→ CN is∞-differentiable if and only if it is the restriction
of an ∞-differentiable function (R/2πZ)×Rn → CN .
14If qℓ > 0 for all ℓ, then Hh ⊆ C
∞. If qℓ = 0 for one ℓ and therefore for almost all ℓ,
then Hh is a Sobolev space and C
∞ ⊆ Hh. In either case, C
∞ ∩Hh ⊆ Hh is dense.
15Their explicit values are in Lemmas 5.3 and 5.16.
16The operator Dz is used to construct the retarded Green’s function, in Section 6.
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Theorem 4.3. If Re z ≥ z∗ and q1 ≤ q1∗ and qℓ > 0 for all ℓ, then
D−1z : H1 →H1 is compact
and there exists a unique extension to a meromorphic map w 7→ D−1w from
C to the Banach space of bounded linear maps H1 → H1. This extension
satisfies the first resolvent identity and is periodic up to conjugation17:
D−1w −D
−1
w′ = −(w − w
′)D−1w A
0D−1w′
D−1w+i = e
−ix0D−1w e
ix0
For all w ∈ C away from poles, D−1w is compact.
Theorem 4.1 follows from Corollary 5.5 and Lemma 5.20. Theorem 4.2
then follows from Lemma 5.16.
If qℓ > 0 for all ℓ, then the inclusion H0 →֒ H1 is compact by Lemma 5.2,
and hence Theorem 4.2 implies compactness of D−1z in Theorem 4.3. In turn,
compactness implies the unique meromorphic extension: it can be explicitly
defined by fixing any z ∈ C with Re z ≥ z∗ and setting
D−1w = D
−1
z
(
1+ (w − z)A0D−1z
)−1
which is meromorphic in w ∈ C by the spectral theory of compact operators,
applied to A0D−1z : H1 →H1. This definition is consistent when Rew ≥ z∗.
5 Lemmas and proofs
Lemma 5.1. Suppose qℓ > 0 for all ℓ. Then for all ε > 0, every sequence
in H0 with H0-diameter ≤ 1 has a subsequence with H1-diameter ≤ ε. Here
the diameter is the supremum of all pairwise distances.
Proof. Pick an integer k ≥ 1 big enough to make 1
k+1
≤ ε
2
. By qℓ > 0 for
all ℓ, the given sequence in H0 is bounded in the Sobolev space of order k.
Hence it has a Cauchy subsequence in the Sobolev space of order k − 1, by
Rellich’s theorem18. In particular, it has a subsequence (up)p≥0 such that
k−1∑
ℓ=0
qℓ‖up − uq‖ℓ
(ℓ+ 1)!
≤
ε
2
17The three operators A0, e±ix
0
: H1 → H1 are bounded by Lemmas 5.17 and 5.18.
18The theorem applies because Ω is compact.
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for all p, q. On the other hand,
∞∑
ℓ=k
qℓ‖up − uq‖ℓ
(ℓ+ 1)!
≤
1
k + 1
|||up − uq|||0 ≤
1
k + 1
≤
ε
2
for all p, q. Therefore |||up − uq|||1 ≤ ε for all p, q as required.
Lemma 5.2. Suppose qℓ > 0 for all ℓ. Then H0 →֒ H1 is compact.
Proof. Given is a sequence in H0 with H0-diameter ≤ 1. A subsequence
with H1-diameter ≤ ε will be called an ε-subseq; an ε-subseq exists for all
ε > 0 by Lemma 5.1. First pick a 1
2
-subseq. Given this 1
2
-subseq, store its
first element and pick a 1
3
-subseq of the rest. Given this 1
3
-subseq, store its
first element and pick a 1
4
-subseq of the rest. And so forth. The subsequence
of stored elements is a Cauchy sequence relative to H1.
Lemma 5.3. There exist constants z∗ ∈ R and R > 0 such that if
Re z ≥ z∗ then for all u ∈ C
∞ the functions J i = 1
2
u†Aiu satisfy both
∂iJ
i ≤ −J0 + Re(u†Dzu)
∂iJ
i ≤ −Rz(u
†u) + Re(u†Dzu)
everywhere on Ω, where Rz = R(1+ |Re z|). Convention: All occurrences of
z∗ and R in this paper refer to their values as determined by this lemma.
Proof. Using (i) we have ∂iJ
i = −u†Kzu+ Re(u
†Dzu) where
Kz =
1
2
(−∂iA
i +B +B†) + (Re z)A0
is Hermitian. Since A0 > 0 uniformly, we can choose z∗ such that Re z ≥ z∗
implies Kz ≥
1
2
A0, and choose R > 0 such that Re z ≥ z∗ implies Kz ≥ Rz1.
Lemma 5.4. If Re z ≥ z∗ then
〈u, u〉 ≤
1
Rz
Re 〈u,Dzu〉
for all u ∈ C∞.
Proof. By the divergence theorem and by (ii),∫
Ω
∂iJ
i =
∫
∂Ω
J iωi ≥ 0
Now use the second inequality in Lemma 5.3.
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Corollary 5.5. If Re z ≥ z∗ then Dz : C
∞ → C∞ is injective.
The next lemma is where ∂jA
i comes out of hiding; recall that its symmet-
ric part is the deformation tensor in (iii). The lemma splits the commutator
[∂α,Dz] into two parts: one part with derivatives of order |α|, the other part
with derivatives of order less than |α|, aka lower order terms (lot).
Lemma 5.6. Let ei ∈ N
1+n
0 be the i-th unit vector. We have
19
[∂α,Dz] = αj(∂jA
i)∂α+ei−ej + [∂α,Dz]lot
where, by definition,
[∂α,Dz]lot =
∑
β≤α
|β|≥2
(
α
β
)
(∂βAi)∂α−β+ei +
∑
β≤α
|β|≥1
(
α
β
)
(∂β(B + zA0))∂α−β
Proof. The product rule.
Lemma 5.7. For all u ∈ C∞ and ℓ ∈ N0 we have
Re
∑
|α|=ℓ
ℓ!
α!
u†α([∂
α,Dz]− [∂
α,Dz]lot)u
≥
ℓ
ξ
∑
|α|=ℓ
ℓ!
α!
u†αuα −
ℓ
ξ
Re
∑
|β|=ℓ−1
(ℓ− 1)!
β!
(Ξiuβ+ei)
†(Ajuβ+ej)
where uα = ∂
αu. This lemma uses notation from (iii).
Proof. On the left hand side, use Lemma 5.6, substitute α = β + ej , use
αj
1
α!
= 1
β!
and Re(u†β+ej(∂jA
i)uβ+ei) = u
†
β+ei
Aijuβ+ej ; the last because A
i is
Hermitian by (i). One finds that the left hand side is equal to
ℓ
∑
|β|=ℓ−1
(ℓ− 1)!
β!
u†β+eiA
ijuβ+ej
Now the lemma follows from (iii) and the combinatorial Lemma 5.8.
Lemma 5.8. Let cα ∈ C be a collection of complex numbers, where α
runs over |α| = ℓ for some integer ℓ ≥ 1. Then∑
|β|=ℓ−1
(ℓ− 1)!
β!
n∑
i=0
cβ+ei =
∑
|α|=ℓ
ℓ!
α!
cα
19It is clear from context where summation over i = 0 . . . n and/or j = 0 . . . n is implicit.
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Proof. It suffices to check this for cα = δα=γ for all fixed |γ| = ℓ. That
is, all we need is
∑n
i=0
(ℓ−1)!
(γ−ei)!
= ℓ!
γ!
, which is true, and the lemma is proved.
Lemma 5.9. Let aα, bα, cαk ∈ C
∞ be collections of functions, where α
runs over |α| = ℓ ∈ N0, and where k runs over a finite index set. Then∣∣∣ ∑
|α|=ℓ
ℓ!
α!
〈aα, bα〉
∣∣∣ ≤ (∑
|α|=ℓ
ℓ!
α!
‖aα‖
2
)1/2(∑
|α|=ℓ
ℓ!
α!
‖bα‖
2
)1/2
(∑
|α|=ℓ
ℓ!
α!
‖
∑
k
cαk‖
2
)1/2
≤
∑
k
(∑
|α|=ℓ
ℓ!
α!
‖cαk‖
2
)1/2
Proof. This is a Cauchy-Schwarz inequality and a triangle inequality.
We now define a few abbreviations that depend implicitly on a function
u ∈ C∞ and on a number z ∈ C. As before, uα = ∂
αu. For all ℓ ∈ N0 set
Xℓ =
(∑
|α|=ℓ
ℓ!
α!
‖[∂α,Dz]u‖
2
)1/2
X ′ℓ =
(∑
|α|=ℓ
ℓ!
α!
‖[∂α,Dz]lotu‖
2
)1/2
X ′′ℓ =
(∑
|α|=ℓ
ℓ!
α!
‖Aiuα+ei‖
2
)1/2
For all integers 0 ≤ k ≤ ℓ set
Aℓk =
(∑
|α|=ℓ
ℓ!
α!
∥∥∥ ∑
β≤α
|β|=k
(
α
β
)
(∂βAi)uα−β+ei
∥∥∥2)1/2
Bℓk =
(∑
|α|=ℓ
ℓ!
α!
∥∥∥ ∑
β≤α
|β|=k
(
α
β
)
(∂β(B + zA0))uα−β
∥∥∥2)1/2
Lemma 5.10. If Re z ≥ z∗, then for all u ∈ C
∞ and ℓ ∈ N0 we have
‖u‖ℓ ≤
ξ
ξRz + ℓ
(
‖Dzu‖ℓ + X
′
ℓ
)
+
ℓ|Ξ|0
ξRz + ℓ
X ′′ℓ−1
Here |Ξ|0 is defined just like |A|0 is defined in Section 3.
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Proof. Set f = Dzu and fα = ∂
αf . Trivially, Dzuα = fα − [∂
α,Dz]u.
Since Re z ≥ z∗, Lemma 5.4 implies
Rz〈uα, uα〉 ≤ Re〈uα, fα − [∂
α,Dz]u〉
Equivalently,
Rz〈uα, uα〉+ Re〈uα, ([∂
α,Dz]− [∂
α,Dz]lot)u〉 ≤ Re〈uα, fα − [∂
α,Dz]lotu〉
Multiply both sides by ℓ!/α! and then sum over |α| = ℓ. On the left hand
side, use Lemma 5.7. Then use Lemma 5.9 in a number of places to get(
Rz +
ℓ
ξ
)
‖u‖2ℓ ≤ ‖u‖ℓ
(
‖f‖ℓ + X
′
ℓ
)
+
ℓ
ξ
|Ξ|0‖u‖ℓX
′′
ℓ−1
where, for the rightmost term, one also needs( ∑
|β|=ℓ−1
(ℓ− 1)!
β!
‖Ξiuβ+ei‖
2
)1/2
≤ |Ξ|0‖u‖ℓ
which follows from the definition of |Ξ|0 and Lemma 5.8.
Lemma 5.11. We have X ′′ℓ ≤ ‖Dzu‖ℓ + Xℓ + Bℓ0.
Proof. Use the triangle inequality in Lemma 5.9, together with
Aiuα+ei = (Dz − B − zA
0)uα
= ∂α(Dzu)− [∂
α,Dz]u− (B + zA
0)uα
Lemma 5.12. We have20
Xℓ + Bℓ0 ≤
ℓ∑
k=1
Aℓk +
ℓ∑
k=0
Bℓk
X ′ℓ ≤
ℓ∑
k=2
Aℓk +
ℓ∑
k=1
Bℓk
Proof. Use the triangle inequality in Lemma 5.9. More in detail, every
summation
∑
β≤α as in Lemma 5.6 is written as
∑
k
∑
β≤α,|β|=k, and then the
triangle inequality is used for the summation over k.
20The summation
∑ℓ
k=K gives zero when ℓ < K.
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Lemma 5.13. If Re z ≥ z∗, then for all u ∈ C
∞ and ℓ ∈ N0 we have
‖u‖ℓ ≤
ξ
ξRz + ℓ
(
‖Dzu‖ℓ +
ℓ∑
k=2
Aℓk +
ℓ∑
k=1
Bℓk
)
+
ℓ|Ξ|0
ξRz + ℓ
(
‖Dzu‖ℓ−1 +
ℓ−1∑
k=1
Aℓ−1,k +
ℓ−1∑
k=0
Bℓ−1,k
)
Proof. Lemmas 5.10, 5.11, 5.12. The special case ℓ = 0, which simplifies
to ‖u‖ ≤ R−1z ‖Dzu‖, is also a direct corollary of Lemma 5.4.
Lemma 5.14. For all integers 0 ≤ k ≤ ℓ,
Aℓk ≤
(
ℓ
k
)1/2(
ℓ+ n
k
)1/2
|A|k ‖u‖ℓ−k+1
Bℓk ≤
(
ℓ
k
)1/2(
ℓ+ n
k
)1/2
|B + zA0|k ‖u‖ℓ−k
Proof. The definitions of Aℓk and |A|k imply
Aℓk ≤ |A|k
(∑
|α|=ℓ
ℓ!
α!
∑
β≤α
|β|=k
n∑
i=0
β!
k!
(
α
β
)2
‖uα−β+ei‖
2
)1/2
It is convenient to replace ‖uα−β+ei‖
2 =
∑
|γ|=ℓ−k+1 ‖uγ‖
2δα−β+ei=γ and to
move the summation over γ to the left, which gives
Aℓk ≤ |A|k
( ∑
|γ|=ℓ−k+1
cγ
(ℓ− k + 1)!
γ!
‖uγ‖
2
)1/2
with the purely combinatorial coefficient
cγ =
γ!
(ℓ− k + 1)!
∑
|α|=ℓ
ℓ!
α!
∑
β≤α
|β|=k
n∑
i=0
β!
k!
(
α
β
)2
δα−β+ei=γ
One can check that cγ =
(
ℓ
k
)(
ℓ+n
k
)
if |γ| = ℓ− k + 1, which is independent of
γ, and this gives the desired estimate for Aℓk. Similar for Bℓk.
16
Lemma 5.15. For K = 0, 1 we have
∞∑
ℓ=0
qℓ
(ℓ+ 1)!
ℓ∑
k=K+1
Aℓk ≤ QqK |||u|||0
∞∑
ℓ=0
qℓ
ℓ!
ℓ∑
k=K
Bℓk ≤ QqK(1 + |z|)|||u|||0
Proof.
• For the 1st estimate, use qℓ ≤ qk−1qℓ−k+1 where 1 ≤ k ≤ ℓ.
For the 2nd estimate, use qℓ ≤ qkqℓ−k where 0 ≤ k ≤ ℓ.
• Use Lemma 5.14 with
(
ℓ
k
)1/2(ℓ+n
k
)1/2
≤
(
ℓ
k
)
(k + 1)n/2 when 0 ≤ k ≤ ℓ.
• For the 1st estimate, use 1
(ℓ+1)!
(
ℓ
k
)
≤ 1
k!(ℓ−k+1)!
.
For the 2nd estimate, use 1
ℓ!
(
ℓ
k
)
≤ 1
k!(ℓ−k)!
.
•
∑∞
ℓ=0
∑ℓ
k=K ck,ℓ−k =
∑∞
k=K
∑∞
p=0 ck,p for all c : N0 ×N0 → [0,∞).
• Use assumption (iv).
Lemma 5.16. Define q1∗ > 0 by
Qq1∗
(
ξ + 3R−1 + |Ξ|0 + 2R
−1ξ−1|Ξ|0
)
= 1
2
If Re z ≥ z∗ and q1 ≤ q1∗ then, for all u ∈ C
∞,
|||u|||0 ≤ 2e
2q1| Im z|
(
ξ +R−1 + |Ξ|0q1
)
|||Dzu|||1
Proof. We show that the inequality holds without the exponential factor
when | Im z| ≤ 1; the general case then follows from Dz+i = e
−ix0Dze
ix0 and
Lemma 5.17. Lemma 5.13 implies
‖u‖ℓ ≤ (ξ +R
−1)
1
ℓ+ 1
(
‖Dzu‖ℓ +
ℓ∑
k=2
Aℓk
)
+
1
Rz
ℓ∑
k=1
Bℓk
+ |Ξ|0
(
‖Dzu‖ℓ−1 +
ℓ−1∑
k=1
Aℓ−1,k
)
+
ℓ|Ξ|0
ξRz
ℓ−1∑
k=0
Bℓ−1,k
Multiply both sides by qℓ/ℓ! and then sum over ℓ. Lemma 5.15 and the fact
that (1 + |z|)R−1z ≤ 2R
−1, because we are assuming | Im z| ≤ 1, imply
|||u|||0 ≤ (ξ +R
−1)
(
|||Dzu|||1 +Qq1|||u|||0
)
+ 2R−1Qq1|||u|||0
+ |Ξ|0
(
q1|||Dzu|||1 +Qq1|||u|||0
)
+ 2R−1ξ−1|Ξ|0Qq1|||u|||0
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using qℓ ≤ q1qℓ−1 and q0 = 1. The assumption q1 ≤ q1∗ makes the coefficient
of |||u|||0 on the right hand side ≤
1
2
. Solve for |||u|||0 and be done
21.
Lemma 5.17. The two operators e±ix
0
: Hh → Hh are bounded for all
h ∈ N0. Explicitly, |||e
±ix0u|||h ≤ e
q1|||u|||h for all u ∈ C
∞.
Proof. By routine estimation, ‖e±ix
0
u‖ℓ ≤
∑ℓ
m=0
(
ℓ
m
)
‖u‖ℓ−m. Then use
the definition of ||| · |||h and
1
(ℓ+h)!
(
ℓ
m
)
≤ 1
m!(ℓ−m+h)!
and qℓ ≤ (q1)
mqℓ−m.
Lemma 5.18. The operator A0 : Hh →Hh is bounded for all h ∈ N0.
Proof. Note that ‖(B + zA0)u‖ℓ ≤
∑ℓ
k=0 Bℓk. Similar to Lemma 5.15,
∞∑
ℓ=0
qℓ
(ℓ+ h)!
ℓ∑
k=0
Bℓk ≤ Q(1 + |z|)|||u|||h
using 1
(ℓ+h)!
(
ℓ
k
)
≤ 1
k!(ℓ−k+h)!
. Hence |||(B + zA0)u|||h ≤ Q(1 + |z|)|||u|||h. Hence
the map B + zA0 : Hh →Hh is bounded for all z ∈ C, hence A
0 is.
Lemma 5.19. Let Ω̂x0≥0 ⊆ Ω̂ be the subset of the universal cover space
corresponding to x0 ≥ 0. Suppose Re z ≥ z∗ and suppose
û : Ω̂x0≥0 → C
N
is ∞-differentiable and satisfies D̂zû = 0. Then each derivative ûα = ∂
αû
converges to zero exponentially fast as x0 → +∞, uniformly in x1, . . . , xn.
Proof. Set
Eℓ(x
0) =
∑
|α|=ℓ
ℓ!
α!
∫
unit ball in Rn
(
1
2
û†αA
0ûα
)
at time x0
It suffices to show that for all ℓ ∈ N0 and all 0 ≤ c < 1,
supx0≥0 |e
cx0Eℓ(x
0)| < ∞
The proof is by induction over ℓ. Since Re z ≥ z∗, the first inequality in
Lemma 5.322 and the divergence theorem and (ii) imply
d
dx0
Eℓ(x
0) ≤ −Eℓ(x
0) + Re
∑
|α|=ℓ
ℓ!
α!
∫
unit ball in Rn
(
û†αD̂zûα
)
at time x0
21Actually, |||u|||0 could be infinite, and then the proof does not work. However, if qℓ = 0
for one ℓ and hence almost all ℓ, then |||u|||0 < ∞ and the proof does work. The general
case then follows from truncating the sequence (qℓ) at some index and taking the limit.
22This lemma on Ω also holds on the universal cover Ω̂.
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In the second term on the right hand side, replace23
D̂zûα = −([∂
α, D̂z]− [∂
α, D̂z]lot)û− [∂
α, D̂z]lotû
Now use Lemma 5.724. The first term coming from Lemma 5.7 has favorable
sign and is dropped. In the second term coming from Lemma 5.7 we replace
Aj ûβ+ej = [D̂z, ∂
β ]û − (B + zA0)ûβ where always |β| = ℓ− 1. Now triangle
and Cauchy-Schwarz inequalities imply
d
dx0
Eℓ ≤ −Eℓ + (const) (E
1/2
0 + . . .+ E
1/2
ℓ−1)E
1/2
ℓ
given that A0 > 0 holds uniformly by (i). The unspecified constant depends
on many things, including ℓ, but it does not depend on x ∈ Ω̂. We get
d
dx0
(ecx
0/2E
1/2
ℓ ) ≤ (const)e
cx0/2(E
1/2
0 + . . .+ E
1/2
ℓ−1)
whenever 0 ≤ c < 1. By the induction hypothesis, the integral of the right
hand side over x0 ∈ [0,∞) is finite, and the lemma follows.
Lemma 5.20. If Re z ≥ z∗ then Dz : C
∞ → C∞ is surjective.
Proof. Given any f ∈ C∞, we construct a u ∈ C∞ such that Dzu = f .
Let f̂ : Ω̂→ CN be the lift of f to the universal cover. Let
û : Ω̂x0≥0 → C
N
be the unique∞-differentiable solution to D̂zû = f̂ that vanishes at x
0 = 025.
Since f̂ ◦T = f̂ we have D̂z(û− û◦T) = 0. By Re z ≥ z∗ and Lemma 5.19 we
have û− û ◦T→ 0 exponentially fast as x0 → +∞; same for all derivatives
of all orders. Hence û◦Tp− û◦Tp+1 → 0 exponentially fast as p→∞ on the
compact Ω̂0≤x0≤4π. This being exponentially fast, we have û◦T
p− û◦Tq → 0
as p, q →∞. The limit of û◦Tp on Ω̂0≤x0≤4π descends to an∞-differentiable
u : Ω→ CN . Since D̂z(û ◦T
p) = f̂ for all p, we have Dzu = f .
6 Finite codimension stability
This section relies heavily on Theorem 4.3. To be able to freely use this
theorem, we always assume in this section:
q1 ≤ q1∗ and qℓ > 0 for all ℓ
23Recall from (i) that Ai, B are ∞-differentiable, hence the commutator is defined.
24This lemma on Ω also holds on the universal cover Ω̂. Recall that it relies on (iii).
25Existence and uniqueness for linear symmetric hyperbolic systems. Use (i) and (ii).
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This assumption is repeated explicitly in Theorem 6.1 below, for emphasis,
but the assumption is implicit throughout this section.
Define the following function spaces:
• Ĉ∞ = {û : Ω̂→ CN | û is ∞-differentiable}.
• For all fixed a < b, denote by Ĥ1,a,b the set of all û ∈ Ĉ
∞ such that
∞∑
ℓ=0
qℓ
(ℓ+ 1)!
(∑
|α|=ℓ
ℓ!
α!
∫
Ω̂
e−2cx
0
|∂αû|2
)1/2
< ∞
for each c ∈ R with a < c < b.
Roughly, a function is in Ĥ1,−∞,∞ if it is smooth as given by the sequence
(qℓ), and if it and all its derivatives of all orders decay super-exponentially
for both x0 → ±∞. This space allows us to state a clean theorem; one can
certainly relax the assumptions of the theorem in various directions.
Theorem 6.1 (Finite codimension stability). In addition to the abstract
assumptions in Section 3, assume q1 ≤ q1∗ and qℓ > 0 for all ℓ. Let
D̂−1ret : Ĥ1,−∞,∞ → Ĉ
∞
be the retarded Green’s function of D̂, explicitly constructed in Lemma 6.5.
There exists a finite-rank operator26
F : Ĥ1,−∞,∞ → Ĉ
∞
such that D̂ ◦ F = 0 and such that all elements in the image of
D̂−1ret − F
decay exponentially fast as x0 → +∞, uniformly in x1, . . . , xn, and the same
decay statement holds for all partial derivatives of all orders.
In the remainder of this section, we prove this theorem and provide de-
tails, including an explicit formula for F and a description of its image.
Lemma 6.2. For all û ∈ Ĥ1,a,b:
26If V and V ′ are vector spaces, then a linear operator V → V ′ is a finite-rank operator
iff it is the composition of a linear map V → CJ with a linear map CJ → V ′, for some
J <∞. The maps should be continuous, but for simplicity, we do not introduce topologies.
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• If a < 0 then û decays exponentially fast as x0 → +∞.
• If b > 0 then û decays exponentially fast as x0 → −∞.
• If a = −∞ then û decays super-exponentially fast as x0 → +∞.
• If b = +∞ then û decays super-exponentially fast as x0 → −∞.
The same decay statements hold for all partial derivatives of all orders of û.
Define Sa,b = {z ∈ C | a < Re z < b}, an infinite vertical strip.
Lemma 6.3 (Fourier-like transform). In the following, let uz be the eval-
uation of the map u∗ at the point z ∈ Sa,b. There is a linear, bijective map{
u∗ : Sa,b →H1
∣∣∣∣∣ u∗ is holomorphicuz+i = e−ix0uz for all z ∈ Sa,b
}
→ Ĥ1,a,b
given by u∗ 7→ û where
û(x) =
1
i
∫ z′+i
z′
dz ezx
0
uz(x)
for all x ∈ Ω̂, all z′ ∈ Sa,b and all paths contained in Sa,b. Convention: From
here on, it is implicit that u∗ denotes the transform of û and conversely.
Proof. The integral does not depend on the choice of path, because the
integrand is holomorphic in z ∈ Sa,b and periodic under z ∼ z + i. For
injectivity, use a straight path t 7→ c+ it with a < c < b to get
û(x0 + 2πp, x1, . . . , xn) =
∫ 1
0
dt e(c+it)x
0
e(c+it)2πpuc+it(x)
for all p ∈ Z, and now note that if û = 0 then R/Z→ C, t 7→ e(c+it)x
0
uc+it(x)
is a function all whose Fourier coefficients vanish, hence u∗ = 0. For surjec-
tivity, one checks that every û ∈ Ĥ1,a,b is the image point of u∗ given by
uz =
∑
p∈Z( e
−zx0û ) ◦Tp
Apart from estimates that we omit27, this concludes the proof.
27Useful lemma: For all z ∈ C and û ∈ Ĉ∞ and all ‘weight’ functions w : Ω̂→ [0,∞):
∞∑
ℓ=0
qℓ
(ℓ+ 1)!
( ∑
|α|=ℓ
ℓ!
α!
∫
Ω̂
w |∂α(ezx
0
û)|2
)1/2
≤ eq1|z|
∞∑
ℓ=0
qℓ
(ℓ+ 1)!
( ∑
|α|=ℓ
ℓ!
α!
∫
Ω̂
w e2(Re z)x
0
|∂αû|2
)1/2
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We now define z∗∗∗ ≤ z∗∗ ≤ z∗ with z∗∗∗ < 0 by
z∗∗ = sup {Re z | z is a pole}
z∗∗∗ = sup {Re z | z is a pole with Re z < 0}
where the poles are those of the map z 7→ D−1z in Theorem 4.3
28. The set of
poles is periodic under z ∼ z + i. Here is an example:
z∗∗∗ z∗∗ z∗
Re z
Im z
i
The domain indicated in this figure, {z ∈ C | 0 ≤ Im z < 1}, is a fundamental
domain for z ∼ z + i. Here exactly two poles have nonnegative real part in
a fundamental domain, but in general there could be any finite number.
Lemma 6.4. For all z ∈ C away from the poles of z 7→ D−1z , and for all
f ∈ H1, applying D̂ to the function x 7→ e
zx0(D−1z f)(x) gives x 7→ e
zx0f(x).
Proof. If Re z ≥ z∗ then D
−1
z is an honest inverse in the sense of Theorem
4.1 and the claim follows from the operator identity D̂ezx
0
= ezx
0
(D̂+ zA0).
This implies the claim for general z by a meromorphic continuation argument.
Lemma 6.5. Define a linear map
D̂−1ret : Ĥ1,−∞,∞ → Ĥ1,z∗∗,∞
by f̂ 7→ û where uz = D
−1
z fz, using Lemma 6.3. Explicitly,
(D̂−1ret f̂)(x) =
1
i
∫ z′+i
z′
dz ezx
0
(D−1z fz)(x)
for all x ∈ Ω̂ and all paths contained in Sz∗∗,∞. Then this is a right-inverse
of D̂, and more specifically, it is the retarded Green’s function.
28We write sup (rather than max) only because there could be no poles at all.
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Proof. It is a right-inverse by Lemma 6.4. The map D̂−1ret is the retarded
Green’s function because all elements in its image converge to zero super-
exponentially as x0 → −∞, and so do all partial derivatives of all orders.
We now define
Λ = {z | z is a pole with Re z ≥ 0} ∩ {z | 0 ≤ Im z < 1}
The second factor is a fundamental domain for z ∼ z+ i, and any other fun-
damental domain could be used instead. This is always a finite set, |Λ| <∞.
Lemma 6.6. Define F : Ĥ1,−∞,∞ → Ĉ
∞ by
(Ff̂)(x) =
∑
λ∈Λ
1
i
∫
loop about λ
dz ezx
0
(D−1z fz)(x)
for all x ∈ Ω̂. Then
D̂ ◦ F = 0
image(D̂−1ret − F) ⊆ Ĥ1,z∗∗∗,0
Note: The decay in Theorem 6.1 now follows from z∗∗∗ < 0 and Lemma 6.2.
Proof. For D̂ ◦ F = 0 use Lemma 6.4 and
∫
loop about λ
dz ezx
0
fz(x) = 0.
For the image, the case z∗∗ < 0 is trivial, because on the one hand z∗∗ = z∗∗∗
and hence image(D̂−1ret) ⊆ Ĥ1,z∗∗∗,0, and on the other hand |Λ| = 0 and F = 0.
The case z∗∗ ≥ 0 is conveniently discussed using our |Λ| = 2 example:
Re z
Im z
z∗∗∗ z∗∗ z∗
i
Let f̂ ∈ Ĥ1,−∞,∞. We want to show that (D̂
−1
ret − F)f̂ ∈ Ĥ1,z∗∗∗,0. Fix x ∈ Ω̂.
Then Iz(x) = i
−1ezx
0
(D−1z fz)(x) is meromorphic in z with poles coming from
D−1z only, and periodic under z ∼ z + i. Observe that:
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• The integral of Iz(x) along the path on the right gives (D̂
−1
ret f̂)(x).
• The integral of Iz(x) about the |Λ|-many loops gives (Ff̂)(x).
Their difference is equal to the integral of Iz(x) along the path on the left,
by Cauchy’s theorem, which yields an element of Ĥ1,z∗∗∗,0 by Lemma 6.3.
Lemma 6.7. If λ ∈ Λ and ℓ ∈ N0 then
(Pλℓf)(x) =
1
2πi
∫
loop about λ
dz (z − λ)ℓ (D−1z f)(x)
is a finite-rank operator Pλℓ : H1 → H1, and
(P̂λℓf)(x) =
1
2πi
∫
loop about λ
dz (z − λ)ℓ ezx
0
(D−1z f)(x)
is a finite-rank operator P̂λℓ : H1 → Ĉ
∞. We have
D̂ ◦ P̂λℓ = 0
image(P̂λℓ) ⊆ (polynomials in x
0) eλx
0
H1
Proof. We use Theorem 4.3. SinceD−1z is compact away from poles, Pλℓ is
compact29. By the first resolvent identity, PλkA
0Pλℓ = Pλ(k+ℓ). It follows that
image(Pλℓ) ⊆ image(Pλ0A
0). It also follows that Pλ0A
0 is a projection. As a
compact projection, dim(image(Pλ0A
0)) <∞. Hence dim(image(Pλℓ)) <∞,
as claimed. Now use ezx
0
=
∑∞
k=0
1
k!
(z − λ)k(x0)keλx
0
which implies
P̂λℓ =
∞∑
k=0
1
k!
(x0)keλx
0
Pλ(k+ℓ)
The sum is finite, because Pλk = 0 if k is equal to or bigger than the order
of the pole at λ, and therefore P̂λℓ is a finite-rank operator as well.
Lemma 6.8. For all f̂ ∈ Ĥ1,−∞,∞ we have
Ff̂ = 2π
∑
λ∈Λ
∞∑
ℓ=0
1
ℓ!
P̂λℓ
(dℓfz
dzℓ
)
at z = λ
There are only finitely many pairs (λ, ℓ) ∈ Λ×N0 for which P̂λℓ 6= 0.
29The compact operators are a closed subspace of the space of bounded operators.
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Proof. This follows from Lemmas 6.6 and 6.7, using a Taylor expansion
of the holomorphic function f∗ about each λ ∈ Λ.
Corollary 6.9. The operator F : Ĥ1,−∞,∞ → Ĉ
∞ is finite-rank and
D̂ ◦ F = 0
image(F) ⊆
∑
λ∈Λ (polynomials in x
0)eλx
0
H1
7 Remarks
Remark 7.1. The assumption that we are on the closed unit ball in the
n spatial coordinates is not essential. One can use
Ω =
{
(x0, x1, . . . , xn) ∈ (R/2πZ)×Rn
∣∣ (x1, . . . , xn) ∈ Γ(x0)}
where Γ(x0) ⊆ Rn satisfies Γ(x0 + 2π) = Γ(x0), all sufficiently smooth.
Remark 7.2. This concerns another generalization that would require a
lot of careful checking. Introduce an auxiliary positive definite (Riemannian)
metric h = hijdx
i⊗dxj on Ω. This paper may correspond to the special case
hij = δij of a more general, more geometric formulation of the assumptions
and theorems that is invariant under diffeomorphisms of Ω, with the under-
standing that h is also transformed. More general, because one now has the
additional freedom of choosing h. One can also try to introduce an auxiliary
inner product on CN etc. None of this has been tried.
Remark 7.3. In applications to general relativity, one has to deal with
gauge freedom. One can gauge-fix and make the equations symmetric hyper-
bolic, but it would also be interesting to try to reformulate the assumptions
and theorems in this paper in a more gauge-invariant way.
Remark 7.4. Despite Counterexample 2.3, one can generalize Theorem
4.3 to finite differentiability. One may not get a compact resolvent, and it may
not be meromorphic on w ∈ C, but it will be on half-planes Rew > w∗; the
question is how negative one can take w∗ as a function of L = sup{ℓ | qℓ > 0}.
The following sketch relies heavily on the operator seminorm ‖ · ‖nc discussed
separately in Appendix A. Lemmas 5.1 and 5.2 generalize to
‖H0 →֒ H1‖nc =
1
L+ 1
which is proved using Rellich’s theorem. Informally: the bigger L, the closer
the inclusion operator is to being compact. Using Lemma 5.16, the first part
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of Theorem 4.3 generalizes to: If Re z ≥ z∗ and q1 ≤ q1∗ then
‖D−1z : H1 →H1‖nc ≤
2e2q1| Im z|(ξ +R−1 + |Ξ|0q1)
L+ 1
The numerator is written out for clarity; here we consider the situation where
all parameters in the numerator are fixed. For L =∞ we recover the original
Theorem 4.3, but we are now interested in L <∞. Putting things together,
including Appendix A, one finds that the bigger L, the more negative one
can take w∗. As L→∞ one can take w∗ → −∞.
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A Non-compactness seminorm
For a bounded operator T on a Banach space, the operator norm tells one
that the resolvent (T − λ)−1 exists on |λ| > ‖T‖. By contrast, the operator
seminorm defined below tells one that the resolvent exists on |λ| > ‖T‖nc,
except for a discrete set of points that are actual eigenvalues.
The spectral theory of compact operators is obtained as a special case,
because ‖T‖nc = 0 iff T is compact. In fact, the arguments in this appendix
are minor adaptations of standard arguments in Riesz’s spectral theory of
compact operators. Everything in this appendix is probably available in the
literature on ‘measures of non-compactness’.
For all Banach spaces V, V ′ and all bounded linear T : V → V ′, set
‖T‖nc = inf
{
ε > 0
∣∣∣∣ For every sequence (vp)p≥0 in V with diameter ≤ 1,there is a subsequence of (Tvp)p≥0 in V ′ with diameter ≤ ε.
}
Here the diameter is the supremum of all pairwise distances. Then:
• 0 ≤ ‖T‖nc ≤ ‖T‖.
• ‖ · ‖nc is a continuous seminorm on the space of bounded operators.
• ‖T‖nc = 0 if and only if T is compact.
• ‖T1T2‖nc ≤ ‖T1‖nc‖T2‖nc.
• If dimV =∞ then ‖1V ‖nc = 1.
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For the remainder of this appendix, fix a Banach space V and a bounded
linear operator T : V → V . Define σeigenvalue ⊆ σ ⊆ C by:
σeigenvalue = {λ ∈ C | T − λ is not injective}
σ = {λ ∈ C | T − λ is not bijective}
For all λ /∈ σ, the resolvent (T − λ)−1 is a bounded operator, by the open
mapping theorem. The spectrum σ is a compact subset of C.
Lemma A.1. If |λ| > ‖T‖nc then image(T − λ) is a closed subspace.
Proof. First observe that image(T − λ) = image(T − λ)|C where
C = { v ∈ V | dist(v, ker(T − λ)) ≥ 1
2
‖v‖ }
Hence it suffices to show that, if (vp) is a sequence in C such that ((T −λ)vp)
converges, then (vp) has a Cauchy subsequence. We combine
30:
• The definition of ‖T‖nc.
• ‖Tvq − Tvp‖ − |λ|‖vq − vp‖ → 0 as q, p→∞.
They imply that there exists a 0 < κ < 1 such that every subsequence of
(vp) with diameter d contains a subsequence with diameter ≤ κd. In fact,
every κ with ‖T‖nc/|λ| < κ < 1 will do. This implies that (vp) has a Cauchy
subsequence, and that we are done, if (vp) has even just one subsequence that
has finite diameter (⇔ that is bounded). The remaining case is ‖vp‖ → ∞.
Then ((T − λ)vp/‖vp‖) converges to zero. Hence (vp/‖vp‖) has a Cauchy
subsequence, by the argument just given, with limit in ker(T − λ). But this
contradicts vp ∈ C, namely dist(vp/‖vp‖, ker(T − λ)) ≥
1
2
, hence ‖vp‖ 6→ ∞.
Lemma A.2. If r > ‖T‖nc then there does not exist a sequence (λp)p≥0
of complex numbers, and a sequence (Vp)p≥0 of subspaces of V , such that:
• |λp| ≥ r.
• Vp is a closed subspace.
• Vp±1 ⊆ Vp with proper inclusion, and (T − λp)Vp ⊆ Vp±1.
The sign ± is arbitrary, but it is understood to be the same in both places.
30The second by ‖(Tvq − Tvp)− λ(vq − vp)‖ → 0 and the reverse triangle inequality.
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Proof. We prove the minus version; the plus version is similar. Suppose,
by contradiction, that such sequences do exist. By Riesz’s lemma, there exist
unit vectors vp ∈ Vp with dist(Vp−1, vp) ≥
1
2
. Also note that TVp ⊆ Vp. For
all integers 0 ≤ q < p and m ≥ 1 we have
‖Tmvq − T
mvp‖ = ‖ T
mvq︸ ︷︷ ︸
∈Vp−1
− (Tm − λmp )vp︸ ︷︷ ︸
∈Vp−1
−λmp vp‖ ≥
1
2
|λp|
m ≥ 1
2
rm
The sequence (vp) has diameter ≤ 2, whereas every subsequence of (T
mvp)
has diameter ≥ 1
2
rm. Therefore ‖Tm‖nc ≥
1
4
rm. Therefore ‖T‖nc ≥ (
1
4
)1/mr.
Since this holds for all m, we get ‖T‖nc ≥ r, a contradiction.
Lemma A.3. If |λ| > ‖T‖nc and λ ∈ σ then λ ∈ σeigenvalue.
Proof. The subspace Vp = image(T − λ)
p is closed, by induction, using
Vp+1 = (T − λ)Vp and ‖T |Vp‖nc ≤ ‖T‖nc < |λ| and Lemma A.1. Suppose,
by contradiction, that λ ∈ σ \ σeigenvalue. Then Vp+1 ⊆ Vp is proper. This
contradicts the plus version of Lemma A.2 with r = |λ| and λp = λ.
Lemma A.4. If r > ‖T‖nc then {λ ∈ σeigenvalue | |λ| ≥ r} is a finite set.
Proof. Suppose, by contradiction, that there exists a sequence (λp)p≥0 of
pairwise distinct λp ∈ σeigenvalue with |λp| ≥ r. Pick eigenvectors vp 6= 0 with
Tvp = λpvp and set Vp = span{v0, . . . , vp}. Then dimVp = p + 1, since the
λp are distinct. This contradicts the minus version of Lemma A.2.
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